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In this talk, the concepts of "category algebras" and "states on categories" will be
introduced as a basis for constructing noncommutative causal theories. The speaker has
recently proposed to use these concepts to understand the concept of "quantum field,"



which was conceived to unify relativity and quantum theory (Saigo 2022). The essence
of relativity is to view space-time as a system of (direct and indirect) causal relations
between events, and this system can be viewed as a category (a system of "arrows" with
an appropriate compositionality structure). On the other hand, quantum theory can be
considered an example of "noncommutative probability theory" based on pairs of
noncommutative "algebras" of observables and "expectation functionals” (mappings that
map observables into their expectation values). Therefore, as a basis for capturing
quantum fields, it is natural to use category algebras, which are (generally
noncommutative) algebras reflecting the compositionality structure of categories, and
states on categories, which are expectation functionals over category algebras.

However, the problem of merging causal structures and (noncommutative)
probabilistic structures (note that noncommutative probability is a generalization of
conventional measure theoretic probability theory) does not only emerge when
considering quantum fields. On the contrary, it is a problem that must eventually be
confronted when thinking quantitatively about causality. This is because, as Wysocki's
talk will remind us, causality is generally non-deterministic in nature, and if it is to be
understood quantitatively, it will eventually need to be related (at least in some
generalized sense) to the concept of probability. (Note that it is also important to
investigate causality when numerical quantification is not appropriate, and Wysocki's
talk will rather focus on that). On the other hand, as mentioned in Otsuka's talk, it is
possible to consider the causal structures as a category structure, and lots of research
results have been obtained in recent years. Therefore, it is also natural to consider
category algebras and states on categories as basic notions for the fusion of causal
structures and (noncommutative) probabilistic structures.

Here, a very legitimate question may be asked: Why does it have to be
"noncommutative"?

The speaker's tentative answer is as follows: First of all, let us note that causal
structures cannot be written in the language of conventional probability theory. This can
be understood by considering only the macroscopic situation, not to mention the
quantum context. For example, "intervention," which is essential in causal theories, is as
fundamental as considering "conditional probability" in conventional probability theory,
but quite different. On the contrary, the general concept of intervention is not something
that can be reduced to the basic concepts of conventional probability theory. Under
certain conditions, it is possible to reduce the effects of intervention to conditional
probabilities, but (as emphasized in Otsuka's talk) the conditions are not at all
self-evident, nor are they of such a nature that we cannot think of causal structures
without them. Thus, in order to treat causal and probabilistic structures in a unified
manner, it is at least necessary to consider a framework broader than that of
conventional probability theory, and it is quite natural to consider noncommutative
probability theory (which has succeeded in quantum theory and includes conventional
probability theory as its "commutative part') as a candidate for such a framework.
Moreover, as long as causal structures can be considered as categories, it is even
inevitable to think of a noncommutative probability structure in terms of category
algebras and states on categories.

This answer is of course provisional and many objections will be raised. We hope
that this talk will act as a catalyst for fruitful discussions.

This talk will be conducted in English.
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